Let M be a real analytic Riemannian manifold. We denote by λ k (Ω) the k-th eigenvalue of the Dirichlet Laplacian of any regular bounded domain Ω of M . In this paper, we consider the eigenvalue ratios as functionals upon the set of domains. We investigate critical domains of the eigenvalue ratios λ k+1 λ k and obtain necessary and sufficient conditions for a domain to be critical.
Introduction and Main Results
Let (M, g) be a real analytic Riemannian oriented manifold. For any regular bounded domain Ω of M , we denote by Spec(Ω) = {λ 1 (Ω) ≤ λ 2 (Ω) ≤ λ 2 (Ω) · ·· ≤ λ k (Ω) · ··} the spectrum of the Dirichlet Lplacian of Ω.
An interesting topic in spectral geometry and shape optimization is isoperimetric eigenvalue problems. A famous result in this subject is Faber-Krahn Theorem, stating that Euclidean balls minimize the first eigenvalue of the Dirichlet Laplacian among all domains of given volume. Many mathematicians extended this classical result to higher order eigenvalues. (see for instance [1, 2, 3, 5, 7, 8, 10] and the references therein).
We denote by (Ω ) an analytic deformation of Ω. The deformation (Ω ) is given by an analytic 1-parameter family of diffeomorphisms f : Ω → Ω satisfying f (∂Ω) = ∂Ω and f 0 = Id. If the Riemannian volume of (Ω ) w.r.t the metric g does not depend on ε, such a deformation is termed volume preserving. We associate the Dirichlet Laplacian and its spectrum
The functions → λ k (Ω ) is continuous but not differential in general. In Section 3 of a recent paper [4] , using the general perturbation theory [6] , A. El Soufi and S. Ilias showed that λ k (Ω ) admits a right sided and a left sided derivatives at = 0. They defined critical domains of λ k to be the domains Ω such that, for any analytic volume-preserving deformation Ω of Ω, the right sided and left sided derivatives of λ k (Ω ) at = 0 have opposite signs. That is
After deriving a general Hadamard type variation formula, they obtain necessary and sufficient conditions for a domain Ω to be critical for the k-th Dirichlet eigenvalue functional under volume-preserving domain deformations.
In this paper, we address the following questions:
How to deform a domain in order to increase, or decrease, the eigenvalue ratio
Since λ k is left and right differentiable with respect to domain deformations, the function → λ k+1 (Ω ) λ k (Ω ) always admits left and right derivatives at = 0. Moreover, these derivatives multiplied by λ 2 (Ω) can be expressed in terms of the eigenvalues of the following quadratic form (see Proposition 2.1), given by, ∀f ∈ E k (Ω) and ∀g ∈ E k+1 (Ω), 
denotes the eigenspace corresponding to the k-th eigenvalue of the Dirichlet Laplacian of Ω. This enables us to give partial answers to Question (2) above (Corollary 2.1). In particular, If Q k v is positive definite on E k (Ω) ⊗ E k+1 (Ω), then there exists δ > 0 such that
Concerning Question (1), different from considering λ k , we don't need the constraint that analytic deformations of Ω preserve volume. The domain Ω will be termed critical for the functional
It is obvious that if Ω is a local extremun of
, then Ω is a critical domian. Using the arguments similar to those used by Nadirashvili [7] 
Critical Domains
As done in [4] , we introduce the following definition naturally.
Definition 2.1. The domain Ω is said to be critical for the eigenvalue ratio λ k+1 λ k if, for any deformation Ω of Ω, the right sided and the left sided derivatives of
We denote by E k (Ω) the eigenspace corresponding to the k-th eigenvalue of the Dirichlet Laplacian of Ω. Any deformation Ω = f induces a function v :
, where ν is the outward unit normal vector of ∂Ω. We denote by A(∂Ω) the set of regular functions on ∂Ω. For any v ∈ A(∂Ω), we introduce the following quadratic form defined on E k (Ω) ⊗ E k+1 (Ω). That is, for any f ∈ E k (Ω) and any g ∈ E k+1 (Ω), 
Proof. Let v ∈ A(∂Ω). Let U ⊂ M be an open neighborhood ofΩ and letṽ andν be smooth extensions to U of v and ν respectively. For sufficiently small, the map φ (x) = exp x ṽ(x)ν(x) is a diffeomorphism from Ω to φ (Ω) and satisfies g( on E k+1 (Ω). Therefore, 
Lemma 2.1. Let Ω be a regular domain of M . Then, the following conditions are equivalent:
Proof. "(ii) implies (i)": Let {f i } i≤p and {g j } j≤q be as in (ii). Let V = X i ∂ ∂x i such that L V g = 2g and v =< V, ν >. From the proof of Corollary 2.1 in [4] , we have
where L V g is the Lie derivatives of g w.r.t. the vector field V . Since
which gives,
(Ω). The proof of "(i) implies (ii)" uses the arguments similar to those used by Nadirashvili [7] , El Soufi and Ilias [4] . Let us introduce the following convex cones
and
It is sufficient to prove that K 1 and K 2 have a nontrivial intersection. Indeed, otherwise, classical separation theorems (see [9] ) enable us to prove that there exists a function v ∈ C ∞ (∂Ω) such that, ∀T 1 ∈ K 1 , T 1 = 0, Proof. The proof follows from Proposition 2.1 and Lemma 2.1 directly.
